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ABSTRACT
The importance and complexity of young children’s mathematical thinking and learning warrants highquality, research-based resources that help teachers and caregivers understand and support children’s
development from birth through the primary grades. The authors discuss young children’s potential to
think mathematically, the criticality of early math, and the need for a learning trajectories approach to
early math. Describing existing risks to young children’s experience of high-quality math, the chapter
offers solutions to these risks in systematic research and development of technology-based resources
for early math using learning and teaching with learning trajectories ([LT]2, at LearningTrajectories.
org) as an example. Further, the authors advocate for a lens of equity, inclusion, and accessibility in the
development of these technologies. Finally, a vision is described for increasing access to high-quality
math through adaptive technologies that use the learning trajectories of early math for in-person and
online activities.
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INTRODUCTION
Children need opportunities to think and learn about math deeply and broadly. High-quality early math
experiences may be difficult to find amongst widely available platforms such as websites and apps
aimed at children. Thus, educators need systematic research and development processes for developing technology-based resources for teaching and learning early math. This chapter defines high-quality
early math and uses this framework to evaluate readily available online resources for children’s math
learning. The chapter advocates for systematic research and development of technology-based resources
- presenting an example in the research and development of the learning trajectories of early math and
two phases of formative research and development of an online platform for teaching and learning early
math. Considerations for the quality, accessibility, inclusion, and adaptability of these resources are also
described with current examples and a vision for future development.

BACKGROUND: YOUNG CHILDREN AND MATHEMATICS
With opportunities, young children can learn an informal knowledge of mathematics that is amazingly
broad, complex, and sophisticated (e.g., Baroody et al., 2019; Clarke et al., 2006; Clements & Sarama,
2021; Fuson, 2004). For example, toddlers independently enjoy composing three-dimensional shapes
(e.g. playing with boxes) or noticing differences in size (e.g. putting baby dolls with a larger mama doll).
Preschoolers can learn to invent solutions to solve simple arithmetic problems (Sarama & Clements,
2009a). Also, almost all children engage in substantial amounts of pre-mathematical activity in their free
play. They explore patterns, shapes, and spatial relations; compare magnitudes; and count objects. This
is true regardless of the children’s income level or gender (Seo & Ginsburg, 2004). That is especially
important, because all children have the capacity and motivation to incorporate math into such play
and engage in mathematical thinking, but not all are given the opportunity to do so (Engel et al., 2016).
Given that early math knowledge is a strong predictor of later achievement (Krajewski, 2005; National
Mathematics Advisory Panel, 2008), such learning opportunity gaps are pernicious (Claessens et al.,
2007; Horne, 2005; National Mathematics Advisory Panel, 2008).
High-quality education can help children learn to mathematize – representing relationships in mathematical ways and using math to solve problems (Clements et al., 2013; Doig et al., 2003; Thomson et al.,
2005). However, if high-quality mathematics education does not start in the earliest years and continue
through the early years, children from under-represented groups are often trapped in a trajectory of failure (Clements & Sarama, 2021; Rouse et al., 2005). Typical early childhood classrooms underestimate
children’s ability to learn mathematics and are ill suited to help them learn (Clements & Sarama, 2021;
Engel, Claessens, & Finch, 2013). As a result, children may regress on some math skills during pre-K
(Farran et al., 2007) and kindergarten (Wright, 1994).
What is high-quality early mathematics education? The recipe has three main ingredients, each
grounded in research (Clements, Sarama, et al., 2004; National Research Council, 2009; Sarama &
Clements, 2009a).
1.
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2.
3.

A focus on children’s ways of thinking and learning as the core of planning and implementing
educational experiences (e.g., Carpenter et al., 2014; Gelman, 1979).
Teaching practices that honor both the discipline of mathematics and the children’s cultures, families, individual characteristics, and patterns of thinking and learning (Carpenter et al., 2014; Frye
et al., 2013).

A framework that combines these components is the learning trajectory (LT) approach (Frye et al.,
2013; National Research Council, 2009; Sarama & Clements, 2009a). Each learning trajectory includes:
(a) a goal; (b) a developmental progression; and (c) links to teaching practices.
Consistent with high-quality mathematics, the goal of a learning trajectory goes beyond a behavioral
objective to include a cluster of concepts, skills, and mathematics practices. Consistent with high-quality
early childhood education, the approach puts children’s development at the core, and teaching practices
are crafted to support each level of this natural development. That is, just as children learn to crawl,
then walk, then run, skip, and jump with increasing speed and dexterity – levels of movement – children follow natural developmental progressions in learning math. Teachers who understand the levels
of these developmental progressions for each major domain or topic of math, and base their instruction
on them, build math learning environments that are particularly developmentally appropriate, effective,
and meaningful.
The third component of learning trajectories is the teaching practices that are based on the developmental progressions and, indeed, are designed specifically to build each level of thinking. Teaching
practices are broad, including educational environments, interactions, and activities, matched to each of
the levels of thinking in a progression. These help children develop ever-higher levels of thinking. Thus,
the learning trajectories approach includes each of three important components of high-quality math.

THE PURSUIT OF HIGH-QUALITY EARLY MATH TECHNOLOGY
Risks to High-Quality Education in Available Math Apps
Myriad technology-based resources for early math are available – particularly in the form of early math
online games. To examine how consistent easily available games are with components of high-quality
math, 18 apps and websites were chosen through one of two methods: by searching “preschool math”
in the App Store to replicate the experience a parent or teacher might use to find an app and through
review of published articles on early childhood online math games. When available, games were played
and evaluated for content of math within the tasks of the games, information given during the game,
feedback following incorrect answers, and scoring, leveling, and reporting features of programs. These
included both free apps with in-app purchases or advertisements and apps that require subscriptions.
Examples of opportunities and risks from these interactions are provided.

Lack of Breadth in Core Math Content
As stated, technology-based resources for children need to include a developmentally appropriate focus,
or goal, of math content as a base for choosing the educational experience we want children to have
(NGA/CCSSO, 2010). We used the titles and tasks of game play to determine the intended focus of the
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app. The most common topic in these titles and descriptions was counting, with 11 of the 18 apps or
websites claiming to cover this topic. Many of the games – 10 of the 18 – could also be categorized as
covering number comparison. The third most frequent topic was geometry, with 7 programs involving
two-dimensional shapes, 1 including three-dimensional shapes, and 3 including some coverage of spatial reasoning. Five apps also involved addition and subtraction. One app and one site also had a game
involving three-dimensional shapes. Topics rarely covered included composing numbers, subitizing,
measurement, patterns, angles, fractions, volume, and data analysis/classification. Five programs also
included non-mathematical games or elements of games. Only one program (Paper Boat Apps, 2021)
covered at least one topic within each of the five content areas of mathematics identified by national
organizations (NCTM, 2000; NGA/CCSSO, 2010). This reveals the first risk of a crowded and somewhat
unregulated market for technology-based learning resources – the breadth of mathematical topics is
skewed toward counting and two-dimensional shapes. Many important topics are being missed in early
levels of operations and measurement.

Lack of Depth in Planning for Children’s Thinking and Learning
In addition to the lack of breadth in the reviewed games, apps, and websites, there is also a lack of depth
connected to a rigorous understanding of children’s mathematical thinking. When playing these games,
many of those claiming to cover these topics do so in a limited sense and others provide experiences
that are not mathematical or may confuse children’s mathematical understanding.
Although some games were purposefully designed or aligned to the research-validated learning
trajectories of early math (Can, 2020; Clements & Sarama, 2021; Ginsburg et al., 2019), most were not.
Some sets of games cite learning trajectories as part of the research for developing games, although the
review did not allow for a determination of how the developmental progressions would be traversed
(Bang et al., 2021; Betts et al., 2020). An opportunity of games is that experiences can be designed to
focus on what children need, such as levels of counting, number comparison, or shape learning that
may be tedious to adults (Age of Learning, 2021; ToyaTap Ltd, 2016); a risk is that, without a research
base, the games may not be calibrated to fine-grained levels of thinking that children need to experience.
Technology-based learning resources also need to provide experiences that are clear to children and
support learning objectives of early math. Unfortunately, some of the available games can be confusing. An example of this was a task asking children to choose all the objects with “one”. The “correct”
answer included “one” bunch of bananas - the bunch showing three bananas (Tiltan Games, 2013).
Other examples included asking children to “tap on three dragons” when the distractor animal (incorrect
answer) was a very similar looking dinosaur (Alligator Apps, 2017) . In addition to the wrong answer
being easily confused with the “correct” answer, the math contained in the experience is unclear – as
any three taps could have met the objective of understanding three as a quantity. A risk to children’s
experience of high-quality math includes lack of research-based coverage of mathematical topics and
coverage of topics in a confusing or unhelpful way.

Lack of Quality Teaching Practices
Related to a risk of not covering the research-validated levels of children’s mathematical thinking (Clements & Sarama, 2021) is the risk of designing games that do not target cognitively distinct levels of math
or increase cognitive challenges intentionally, based on diagnoses. For example, many games provided
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“counting” experiences limited to children tapping the screen and hearing corresponding number words
from a game voiceover (Alligator Apps, 2017; Kids Academy, 2020a; Plato Media Ltd, 2021; ToyaTap
Ltd, 2016). Although this can be a valuable experience, games or sets of games should provide more
challenging tasks so that children can move out of hearing a verbal count and into levels of object correspondence and counting to produce a quantity. Other games included challenges that would usually
not be attainable by preschoolers, such as those involving number sentences (4Brains Studio, 2016; Kids
Academy, 2020a); using numerals as the primary object for ordinality experiences, without experiences
comparing sets or ordering quantities (Age of Learning, 2021; Kids Academy, 2020b; StudyPad, 2019);
or providing a science-focused classification task that would necessitate knowledge about animals (Plato
Media Ltd, 2021). Because children differ widely in their previous math experiences, technology-based
learning experiences need to be designed to cover the breadth of all levels of thinking, as well as diagnose
learning gaps and scaffold activities to support meaningful, connected depth of learning.
Furthermore, some games provide experiences of non-mathematical or inaccurate content. Some
neutral examples included games that matched pictures of objects, rather than on the quantity of objects;
other games focused on a sports-related task, rather than the skip counting that happens to be occurring
on the scoreboard (MIND Research Institute, 2021; Plato Media Ltd, 2021; RosiMosi LLC., 2012; Tiltan
Games, 2013). For these kinds of games, the primary risk is that parents or teachers may expect a child
to be spending time on mathematical content when they are not. More problematic examples are when
the content is not mathematically accurate. A frequent example was the inclusion of non-geometrically
defined shapes mixed with geometric shapes (Elamin LTD., 2021; Kids Academy, 2020b; Plato Media
Ltd, 2021; RosiMosi LLC., 2012). In contrast, a high-quality example of a shape activity included a brief
introduction of a square as “A square has four straight sides (sides blinked) and four corners (corners
blinked)” before the task of “Find a square.” was requested (Khan Academy, 2022). Although seemingly
harmless, describing the mathematical properties of a heart or a star in a similar way is not possible, as
they are not geometric shapes.
Equally important, providing stories and context can bring joy and meaning to learning. Non-digital
instructional activities that provide context, in the form of a storyline, have been shown to be more effective at improving children’s math learning than those without context, particularly for children with
lower executive function (Veraksa et al., 2020). Digital games that include a context for the mathematical
tasks are likely to be more engaging and effective as well. However, many games provided little context,
such as a shape game in which a truck appeared and children could match pictures of shapes on one side
of the screen to the shapes on the truck – a goal that needed to be accomplished through guessing, as no
storyline or directions were provided through a voiceover (Kids Academy, 2020b). Other apps provided
experiences similar to flashcards or worksheets, with no context in which children could situate the
materials (4Brains Studio, 2016; StudyPad, 2019).
Finally, it is important to note that many of the same risks and opportunities involved in the education
and care of young children exist across digital and in-person contexts. For example, the use of violence
should be avoided in content aimed at young children, such as animating a bunny getting hit with a club
as a context for one-to-one correspondence (Tiltan Games, 2013). Similarly, most modern educators
understand that a practice to avoid is feedback that sends a message about children’s innate abilities, such
as “You are brilliant!” when children get correct answers (Paper Boat Apps, 2021). Instead, we have
an opportunity to use technology to promote positive dispositions toward persistence in math by using
feedback focused on effort or the accomplishment of challenging tasks (Dweck, 2017).
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Reviewing these easily available technology-based resources that are intended to support early math
revealed that many risks exists to providing children with high-quality early math experiences. Although
interventions are more effective if they involve families, especially by providing activities parents can do
with their children (Halpern, 2004; Ramey & Ramey, 1998), many families and teachers have a limited
view of what math is appropriate for young children (Sarama, 2002). This difficulty of how to teach math
may be encumbered by difficulties with math in general, as the National Council for Education Statistics
reports that 30% of adults in the U.S. struggle with numeracy (Mamedova & Pawlowski, 2020). Thus,
ameliorating the many risks to high-quality math experiences in technology necessitates rigorous and
zealous new approaches to early math technology-based resources.

SOLUTIONS AND RECOMMENDATIONS
Opportunities for learning math are maximized when technology-based resources include the three
components described at the beginning of this chapter – core math content, a focus on children’s thinking and learning, and teaching practices that follow developmental progressions and focus on math as
a discipline and children as individuals with unique cultures, families, characteristics, and abilities. We
advocate for ensuring the inclusion of these essential aspects within technology-based resources through
systematic research and development processes, consideration of diversity and inclusion, and by ensuring
resources are equitably accessible to a broad audience.
The research and design of the Learning and Teaching with Learning Trajectories, [LT]2, tool, launched
in 2020 following 25 years of development, was designed to meet the need for high-quality math for
broad audiences. [LT]2 provides high-quality math with content and resources across 20 math topics.
Resources provide content information, text and video sequences, and describe and embody children’s
development of progressive levels of mathematical thinking. Activities provide concrete examples of
content aligned to developmental progressions. They are written with key questions and suggestions for
individualizing the activity to children’s needs. Text, pictures, and videos provide concrete examples of
children’s development, as well as teaching and learning contexts.

Systematic Research and Development
As a first step to providing innovative solutions to the problem of widely available technology resources
that do not meet basic expectations of high-quality early math, we advocate for systematic research and
development within a framework focused on comprehensive content, an understanding of children’s
thinking and learning, and efficacious teaching practices. Specifically, we describe the development
and research of both the learning trajectories approach and its current technology-based resources – the
[LT]2 tool.

Development of Early Math LTs
How were the learning trajectories developed? To ensure that they would be research-based and researchvalidated, the authors created and applied a Curriculum Research Framework (CRF) that includes ten
phases embedded within three categories (Clements, 2002, 2007). The first category, a priori foundations, included reviewing and synthesizing all the available research, thousands of studies and documents
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from around the U.S. and around the world (Clements, Sarama, et al., 2004; Sarama & Clements, 2009a,
2019). This synthesis created the first draft of the learning trajectories.
Goals
Based on both the expertise of mathematicians and research on students’ thinking about and learning of
mathematics (Clements, Sarama, et al., 2004; Fuson, 2004; National Mathematics Advisory Panel, 2008;
Sarama & Clements, 2009a), learning trajectory goals are organized into the “big” ideas of mathematics:
overarching clusters, concepts, and skills that are mathematically central and coherent, consistent with
students’ (often intuitive) thinking and learning, and generative of future learning (Clements, Sarama, et
al., 2004; NCTM, 2006) such as “numbers can be used to tell us how many, describe order, and measure”
and “geometric shapes can be described, analyzed, transformed, composed, and decomposed into other
shapes” (Clements, Sarama, et al., 2004).
Developmental Progressions
Children follow a developmental progression of levels of thinking toward understanding and competence
in a particular mathematics topic (Clements, Sarama, et al., 2004; Fuson, 2004; Gravemeijer, 1999;
Sarama & Clements, 2009a). Such levels are well developed and validated for counting (e.g., Clements
& Sarama, 2021; Fuson, 1988; Steffe & Cobb, 1988), arithmetic (e.g., Carpenter et al., 2014; Sarama
& Clements, 2009a), and even geometric measurement (Barrett et al., 2017; Stephan et al., 2001). An
example in a different domain, composing and decomposing shapes, was generated from research from
Australia and the U.S. that was combined to provide a framework for children’s levels of thinking (see
Clements, Wilson, et al., 2004). Children initially treated shapes such as pattern blocks separately, then
they combined them, but each shape was a separate part of a picture. Later, they began laying some
shapes side-by-side with trial and error, then they also started recognizing and planning to combine shapes
to make other shapes. Studies then supported each level of this developmental progression (Clements,
Wilson, et al., 2004). The current conceptualization of the learning trajectories for early mathematics
includes 222 levels of thinking across 20 topics. Research continues to support the refinement of these
topics and levels.
Instructional Practices
The third part of a learning trajectory consists of sets of teaching practices–environments, interactions,
and activities–fine-tuned for each level of children’s understanding to help them become proficient in
that level before moving on to the next level (Clements & Sarama, 2021). The teaching practices are
designed to help children learn the ideas and practice the skills needed to master that level. For some
topics, teaching experiments (Steffe et al., 2000) and other types of studies provided guidance and even
specific activities to include (e.g., Carpenter et al., 2014; Gravemeijer, 1999; Sarama et al., 2021; Stephan
et al., 2001). For others, such as shape composition, the existing research only gave hints as to effective
practices, although a sequence of puzzles that required each successive level of thinking form a reliable
core of activities. The later, especially, needed to be refined and validated.
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Refinement and Validation of the Learning Trajectories
The second category of the CRF – the learning model – tested and refined the learning trajectories,
and even developed them when existing research was not available. In this intensely iterative process,
learning trajectories were applied and improved dynamically, using grounded theory methods, clinical
interviews, teaching experiments, and design experiments (Clements, 2002, 2007; Ginsburg, 1997;
Sarama & Clements, 2004; Steffe et al., 2000). As an example from shape composition, early versions
of puzzles on computers found that children learned less from direct manipulation of shapes, such as
dragging to slide or turn, than they did from selecting slide and turn tools (Sarama & Clements, 2002).
Using the tools, they became explicitly aware and learned to differentiate the three geometric motions
and even quantified them (“I gotta turn it 3 times!”). In all cases, qualitative research showed the efficacy
of each of the learning trajectories.
In the third category of the CRF – formative evaluation – researchers collected empirical evidence
to evaluate appeal, usability, and effectiveness, revising the learning trajectories multiple times (e.g.,
Sarama, 2004; Sarama & Clements, 2004). Finally, summative research showed strong effect sizes between 1 and 2 standard deviations (Cohen’s d). The approach increased the quantity and quality of the
math environment and teaching, and substantially increased achievement (Clements & Sarama, 2008).
Our example topic, shape composition, showed one of the largest relative gains. These strong, reliable
benefits of a learning-trajectories curriculum have been substantiated by other researchers (Anthony et
al., 2011; Weiland & Yoshikawa, 2012), including in other countries such as Ecuador (Bojorquea et al.,
2018). Also, other curricula and projects also grounded in learning trajectories have had success (e.g.,
Griffin, 2009; Perry et al., 2008; Wright et al., 2006; Young-Loveridge, 1989). This strongly validates
the learning trajectories in [LT]2.

Research and Redesign of an Online Resource
Teachers in many of the aforementioned studies developed an understanding of learning trajectories using
an early website, Building Blocks Learning Trajectories (BBLT) that included descriptions and videos.
The new Learning and Teaching with Learning Trajectories, [LT]2, tool is an updated and a greatly
expanded version of BBLT. [LT]2 provides interactive ways of defining goals, identifying important
aspects of children’s mathematical thinking, and teaching children at their level. This section explains
the processes and evidence used to ensure the quality of [LT]2 in relation to its use in curriculum, assessment, and professional development.
The research and design efforts of [LT]2 itself have spanned seven years and improvements are continuing. Although the first two phases of the CRF were completed through previous work, the creation
of a new platform required new phases of formative and summative assessment. We detail two phases of
formative research and design efforts aimed at broadening access to high-quality early math resources.

Formative Research – Phase 1
Given the success of BBLT in research projects (Clements & Sarama, 2008; Clements, Sarama, Spitler,
Lange, et al., 2011; Clements et al., 2015; Sarama et al., 2016), the first goal was to learn which aspects
of BBLT were considered most useful and which needed improvement. Respondents in a study of BBLT
indicated that the tool was used to learn about math topics and to learn about children’s mathematical
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thinking. BBLT was ranked most useful for instruction (x ̅=5.28), while the feature “test yourself” allowing users to check their understanding of the learning trajectories was rated least useful (x ̅=4.83).
Thus, although variation existed, the lowest and highest rankings represented a majority of users as rating
the features positively. Qualitative data revealed that the most frequently liked aspect of BBLT was the
videos. Thus, updating the videos became a prime target for the new [LT]2 tool.
The design of [LT]2 began with the feedback from BBLT users, and a new site was available for testing in 2015. This new site was evaluated through surveys of early childhood professionals and intensive
interviews. The early childhood professionals worked in center-based childcare, Head Start, and private
preschool. Activities linked to the developmental progressions were most frequently rated as being useful
for the classroom. Interviewers sat next to each person as they used the site, exploring it freely or trying
to find information or perform tasks suggested by the interviewer (e.g., “What is it you wanted to learn?
What level of thinking are your students probably working at?”). Feedback from these users provided
information for refinement of the site, particularly the need for videos explaining each trajectory as a
whole. As details for the site were being constructed and refined, new online software for children was
also being developed for subitizing, counting, and shape composition.
A primary aim for the new site was to add exemplary instructional and developmental videos. Introductory videos were also created for each math topic. Many new videos were generated in 2015 and
2016, and this process continues with contributions from collaborators. Games were tested and updated
to clarify the logic and to improve motivational aspects through better graphics and sound. This improved
the quality and usability of content available through the site.
In 2017, project staff conducted and applied reviews of research on infant and toddler math from
a learning trajectories framework. Thus, the original learning trajectories covering ages three to five,
now cover birth to age 8, in both the description of typical development and suggestions for activities
to support learning and development across these age ranges. This increased the range of children and
caregivers who could benefit from the platform.
Another important new feature implemented in 2017 was the alignment of the learning trajectories
to national and state standards, as well as to the commonly used early childhood assessment system –
Teaching Strategies GOLD. This work was incorporated into what is now the Focus Tool, allowing users
to focus on the age/grade, mathematical strand, standard, or assessment that will help them identify a
level that is their goal for planning math experiences for young children. Although new state standards
and updates to the learning trajectories will impose ongoing updates, the Focus Tool is now available for
the majority of standards and math topics. Thus, the first phase of formative research ensured that the
technology included math content that was broad and comprehensive and supported educators’ planning
aligned to children’s learning and thinking.

Formative Research – Phase 2
Given the significant changes in the first phase of formative research and new elements, a second phase
was conducted. Both formal and informal testing of the new site was completed. Informal testing took
place through feedback from partners through professional meetings such as the National Association
for Young Children (NAEYC) and the National Council of Teachers of Mathematics (NCTM). Through
this feedback, several resources were developed: a privacy policy, a user guide, and a dedicated email
address to communicate with users. These collaborations also resulted in new video being received from
collaborators.
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Formal testing included a usability study focused on implementation and reflection. Participants in
the usability study indicated that the filters and video were helpful for their planning, as well as key questions embedded in the instructional activities. For implementation, participants indicated that they used
the activities as a context for formative assessment and that [LT]2 improved their mathematical content
knowledge. Finally, for reflection, participants indicated that the tools for tracking individual progress
were helpful and that revisiting the reports from this tool assisted with confirming other evidence of children’s level and/or in changing their beliefs about children’s level. General themes included that the site
was less overwhelming than the book and that the videos made the content and concepts more concrete.
Users asked for instructional activities to have clearer definitions, more materials, translations, into
other languages, and additional support for questioning and differentiation. They also asked for more
videos and for video descriptions to highlight child thinking, verbalization, and gesture. Finally, they
asked for more resources to understand contextual skills, the role of language, and supports to engage
families or allow families to independently engage with the content. As a result, the second phase of
formative research informed the generation of resources for teaching practices that honor the discipline
of mathematics and children’s cultures and families.
Online software for children (games) was tested for logic and motivation and later tested for their
contribution to children’s learning. To assess game-based learning, a teaching experiment was conducted in 2018 (Steffe et al., 2000). The design of this study included six sessions with six students.
Each student was given pre- and post-assessments in the topics of math related to game play. Instructors
also facilitated activities before and after game play each session to ascertain transfer of concepts from
game play to non-digital contexts. Of the 6 students in the experiment, 4 increased levels from pre- to
post-assessment in 2D Shape Composition, 3 increased in 2D Shapes, 5 increased in Counting, and 4
increased in Subitizing. Thus, the Number Path game “Help the Turtle Get Home” was the most successful in supporting learning. Shape Puzzles was the least successful in supporting learning specific to
the 2D Shapes trajectory (not the primary goal), but it was more successful in supporting learning for
2D Shape Composition. Testing of the online games for children validated the usefulness of the games
to support learning through pre- and post-assessments. However, one game was more successful in supporting learning for shape composition than an understanding of shape matching, identification, and
classification. Thus, the development of a new game that more specifically targets shape matching and
identification is currently in progress – further described in the section on Inclusion.

Launching and Maintaining
The newest version of the site was launched in February of 2020. It now has over 30,000 registered users
across 38 countries. The user base has grown rapidly since the beginning of the COVID-19 pandemic.
Project staff have responded by producing a quick start guide and adding activities with tips for social
distancing or online learning. The next phase – summative evaluation – is underway now, funded by
the National Science Foundation.
New research on young children’s math learning and development informs updates to the topics,
levels, and activities on the site. A synthesis of recent research was used to update all topics and levels
during the summer of 2020 (Clements & Sarama, 2021). As new math lessons, activities, and experiences are tested for their effectiveness, project staff are evaluating this work and considering whether
and how they fit within the learning trajectories framework. This free resource will continue to provide
content for professional development and implementation of developmentally appropriate early math
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experiences. The 7-year process of building the site has culminated in a useful tool for anyone interested
in supporting the mathematical learning and development of young children by defining goals, identifying important aspects of children’s mathematical thinking, and providing high-quality instruction for
teaching and learning math.

Equity, Inclusion, and Accessibility
As previously discussed, an important component of high-quality math is teaching practices that honor
children’s cultures, families, individual characteristics, as well as their patterns of thinking and learning
(Carpenter et al., 2014; Frye et al., 2013). This can be particularly challenging in the context of technology,
as these personal characteristics are most sensitively responded to in the context of personal relationships.
In this section, we describe promising research and development efforts to advocate for pursuing these
challenges to provide math experiences for today’s global citizens, situated in social contexts in which
education is at the forefront of valuing and bolstering a more pluralistic society. We connect this to the
learning trajectories approach and new features on [LT]2.

Equity
The United States has been experiencing a double pandemic – a virus attacking respiratory systems and
a growing awareness of long-standing inequities in educational resources, exacerbated by COVID-19,
for Black, Indigenous, and people of color (BIPOC) and children with disabilities. Most young children
and their teachers do not have access to empirically validated early childhood mathematics materials
(Clements & Sarama, 2021) and both the income gap and the associated opportunity-to-learn gap have
been increasing for decades (Bachman et al., 2015). During a time when access to such materials may
be even more limited due to health concerns, inequities are further magnified (Kuhfeld et al., 2020).
Thus, technology-based learning resources could be part of this ongoing risk to vulnerable children and
families if they are not financially accessible, exclusive of BIPOC, women, and people with disabilities,
or maintain inequitable power dynamics in school-family partnerships. In contrast, technology-based
learning resources have the potential to disrupt these inequities if they are adaptive, inclusive, and accessible to diverse children and families.
Evidence suggests that computer experiences can reinforce math concepts taught in classroom settings (Clements, Sarama, Spitler, Lange, et al., 2011; Clements, Sarama, Spitler, & Wolfe, 2011; Jenkins
et al., 2018). In one study of 36 classrooms, the number of computers running math software was one
of the variables that most differentiated the treatment and control groups - correlating with child gains
(Clements & Sarama, 2008). In a study of 106 teachers, the classroom observation indicated that the
number of computers running Building Blocks Software had one of the three highest correlations with
child outcomes - with gains in both math and expressive language (Sarama & Clements, 2009b). Studies also show that preschoolers can make significant learning gains with software targeted to specific
mathematics topics (Brinkley & Watson, 1987-88; Clements & Sarama, 2003; Hungate, 1982), especially
when they include computer manipulatives (Clements & Sarama, 1998; Ishigaki et al., 1996; Sarama et
al., 1996). Significant positive effects on mathematics achievement were also found for kindergartners,
compared to language and literacy software (Anthony et al., 2011).
Further, Black children gained significantly more than others in some math interventions, closing an
initial gap (Clements, Sarama, Spitler, Lange, et al., 2011) with impact persisting for years (Clements et
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al., 2021; Clements et al., 2013). An emphasis on procedural rather than conceptual learning and lower
expectations of teachers for children of color has been suggested as a reason preschool benefits dissipate
for Black children (Currie & Thomas, 1995; Zhai et al., 2012). In contrast, interventions incorporating
learning trajectories, including computer applications, have been particularly effective with children of
color and dual language learners (Clements, Sarama, Spitler, Lange, et al., 2011; Foster et al., 2018)
because they adapt to each child’s strengths and needs. These promising results are evidence that technology, particularly when built on research-validated learning trajectories, can increase equitable learning
opportunities for young children’s math.

Inclusion
Intentional efforts to make participation inviting to diverse populations can increase the impact of
technology-based learning resources, as it may increase the reach of such resources. Inclusion can begin
with ensuring that images are representative of diverse groups. Similarly, references to holidays, foods,
and other cultural artifacts should not be centered on one group. Developers should consider the extent
to which they have bias for cultural centricity of their own group, as well as intentionally include team
members with diverse perspectives. An area for further research and innovation is to study the extent
to which inclusion efforts encourage and sustain engagement of diverse groups in technology-based
resources for early math.
A new game in [LT]2 was designed to follow the shape LT, and also to explicitly include people of
color, people with disabilities, and women. The game begins with a shape puzzle focused on matching
or recognizing shapes. When the puzzle is complete, the object animates to reveal a carefully chosen
picture – such as a space shuttle. This space shuttle is then shown next a person who contributed to
space technology, such as Katherine Johnson, and a brief biography is read. Each of the forty STEM
heroes in this game was chosen to provide a positive and empowering example of scientists, engineers,
inventors, and mathematicians who are also women, people of color, or people with disabilities. These
STEM heroes are highlighted to expose children to a diverse view of the people who have contributed to
STEM. The hope is that the game simultaneously disrupts socialized biases and that many children see
themselves in these games and know that they can also choose to become future scientists, engineers,
inventors, and mathematicians. Including games that are purposefully inclusive within a system based
on learning trajectories is a piece of the vision for a future of high-quality math for all children.

Accessibility
Beyond inclusion, accessibility for people with disabilities is another important factor in ensuring a
future of high-quality math for all children. Within technology-based learning resources, accessibility
ensures that people with different abilities can actively participate in learning activities by fully using the
technology. This includes ensuring that children and the adults in their lives can perceive, understand,
navigate, and interact with the technology.
For example, accessibility features on the [LT]2 website include closed captions for videos to increase the accessibility of video content for people who are deaf or hearing-impaired. Another feature
is a second set of videos that have an audio overlay describing the important mathematical actions that
occur in videos. This feature was designed to assist people who are blind or vision-impaired to access
the content of the site. An accessibility widget can be used through keyboard shortcuts for those who
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Figure 1. In hidden pictures, children complete a shape puzzle by matching or identifying shapes (Clements & Sarama, 2020)
Source: Clements & Sarama, 2020

Figure 2. Following completion of the puzzle, the puzzle animates an image related to the work of a
STEM hero, with a picture of the hero shown on the side and a brief biography read aloud (Clements
& Sarama, 2020)
Source: Clements & Sarama, 2020
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use screen reader technology or through typical mouse clicks. The accessibility widget can turn on the
voiceover videos across all pages, change the color contrast of all pages, or increase the font size on all
pages. These features increase the accessibility of content for adult learning.
[LT]2 project staff have partnered with colleagues at the center for STEM Innovation for Inclusion in
Early Education (STEMI2E2) to develop early math instructional experiences with accommodations for
diverse learners and to test these activities with children learning in inclusive settings. Further, staff have
created general accommodations for teaching math with a focus on accessible environments, materials,
and instruction in three ways. First, ensuring an accessible environment includes creating space in which
children can move freely to their capacity. Second, ensuring accessible materials involves considering
differences in how children would interact with math manipulatives and other learning materials. Third,
ensuring accessible instructional processes means considering and accommodating ways in which
children may respond to and receive information from learning experiences differently. Staff have also
created recommended accommodations for each level of each math topic across developmental domains
of cognition, motor, sensory, communication, and social emotional needs. These resources are primarily
focused on in-person learning. With programming partners, innovative efforts to ensure universal access include creating digital experiences for children with contrasting colors and touch-screen options.
Digital games for children can also be programmed with enhanced accessibility through unique display
options such as feedback using symbols or emojis and audio settings that change based on children’s
sensitivity to noise. In conclusion, all aspects of a technology-based system for early math should be
accessible – the resources for adult learning, the in-person instruction for children, and the digital math
experiences for children.

Adaptive Technology to Broaden Access
Throughout the launch of versions of the [LT]2 tool, highly engaged users celebrated the plethora of
cost-free resources and activities. Other users lamented that the resources seemed difficult to access
due to the need to understand the developmental progressions, assess the level of thinking at which their
children might currently be working, and then choose activities that supported and scaffolded that level of
thinking. Many adults wanted to jump to activities – which misses the opportunities of using the learning
trajectories approach that combines goals, developmental progressions, and instructional activities. Thus,
a next step in efforts to increase high-quality math experiences for all children is to build technology
that is more accessible and adaptable to anyone interested in supporting young children’s math learning.
The system that is envisioned would provide a starting place for adults based on children’s age, recommend in-person activities as well as digital games for children, assess children’s level of thinking based on
games, and recommend next steps for in-person activities based on children’s level of thinking. Providing
a path that outlines where to start and where to go based on interaction with games that diagnose levels
of thinking will increase the ease of access to high-quality math regardless of race, ethnicity, gender,
ability, socioeconomic status, or other personal characteristics. Having translated versions of resources
within the same framework will also remove the barrier of language.
The vision for a future system will begin with information about the child’s age and a topic. If a child
were preschool age and the adult were interested in geometry, the system would start with investigations of two-dimensional shapes at the level: Shape Recognizer – Circles, Squares, and Triangles. If the
adult user identified themselves as a family member, a playful game such as “Shape Hunt (Triangles)”
would be recommended. In this game, family members show the child an accurate triangle, hide tri362
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angles around a room, and encourage the child to find as many as they can. If the adult user is a teacher,
a recommended activity would be “Is It or Not? [Shape Recognizer (Circles)].” In this instructional
activity, often completed in whole group, a teacher draws shapes while children watch and asks them
to decide whether it is or is not a circle – and explain why! Also at this level, both teachers and families
can encourage their children to play the digital game – “Hidden Pictures – Shape Matcher 2” which
challenges children to complete a puzzle by matching individual shapes. Children’s level of success on
the “Hidden Pictures” game would estimate the extent to which the child is successfully recognizing
circles, squares, and triangles. If the game estimates that they are ready to move to a more challenging
level of math, the system would then recommend that teachers or families try a game such as “Build
Shapes” at the level: Constructor of Shapes from Parts. This iteration of games-based learning and assessment with challenging in-person activities would continue along the developmental progressions,
with instructional activities designed to continuously advance children’s learning.
Thus, an adaptable and intelligent path will provide adults with a hint about how to begin challenging their children’s early math learning. Then, an intelligent technology-based system would be able
to incorporate information from children’s game play to estimate children’s level of thinking. Finally,
this innovative system would create iterative feedback loops to inform adults of additional instructional
activities to implement in the context of their personal relationships with children. To summarize, an
innovative approach to ensuring children have high-quality math experiences is to intentionally combine
personal and digital experiences in response to children’s levels of thinking and learning.
This combination of digital and personal experiences with math, adapted to children’s needs, can be
supported through adaptive games. Game development, in addition to being focused on learning and
engagement, can also be developed from a measurement perspective, particularly those with embedded
assessment or adaptive leveling. The core of all measurement is to capture an intended psychological
construct or ability. The challenge of developing measures of early math is that abilities may develop
rapidly – thus specification of this development must be clearly articulated. The developmental progressions of early math, a core component of a full learning trajectory, provide a framework for this specification. A table of specifications defines the content or cognitive processes of interest, types of items that
would access that process or knowledge, and the number of items needed to generate information about
that knowledge (American Educational Research Association, 2014). These specifications generate a
framework. To test the extent to which items are fully capturing the intended construct, other methods
include testing games (and the built-in assessment tasks) with children as described previously in this
chapter – comparing children’s progress on games with their progress on non-digital assessment tasks.
For additional content validity, observations with think-alouds are frequently part of usability testing of
websites – a similar method in psychometrics are cognitive interviews in the development of surveys
(Nielsen, 2012; Ryan et al., 2012). Both methods serve to understand how research participants perceive
the experience by observing interactions with material or asking participants to talk about their interpretations and interactions throughout the experience. To design and test diagnostic tasks, developers
can ensure games are clearly following an intentional leveling by generating a matrix that defines the
ways in which tasks should vary by cognitive challenge and representations (Henson et al., 2009), with
developmental progressions of early math serving as an excellent framework for the changes that should
be seen as cognitive challenges increase (Clements & Sarama, 2021). Like assessments, games can also
be a series of challenging tasks that children achieve or not, with the gaming element emphasizing a
satisfying end to the quest or series of tasks. If game data are used to evaluate and progress children’s
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learning, the elements of games that lend themselves to assessment should also be developed and evaluated with methods appropriate to the development of measures embedded within adaptive math games.
Technology-based approaches to early math provide excellent opportunities to provide content within
children’s zone of proximal development (Vygotsky, 1935/1978) by differentiating games-based instructional tasks through embedded assessment and dynamic leveling. Future research and development can
more specifically develop and test the use of adaptive technologies to understand how children move
through developmental progressions. Although many of the games we described at the beginning of
this chapter included a path or sequence in which the games were given, some had more clarity in how
the path would progress, such as adapting to learners’ needs by analyzing information from interaction
with games (Betts et al., 2020). The rationale for other sets of games was unclear - both in the choice of
games and the path, such as one that included angle learning in a game aimed at toddlers (Kids Academy,
2020b) Others had progressions that were more aligned to research, such as providing games aligned
to age-groupings, with games providing experiences up to the Patterner AB level for children in PreK
and activities including AAB patterns and Growing Patterns for Kindergarten (Paper Boat Apps, 2021).
Although these adaptations and paths are more likely to support children’s needs than siloed games,
a next step in innovations for young children will allow broad variation in the adaptive nature of the
games. Because experience is a large part of what drives children’s mathematical learning, allowing
children to access content that is above or below what is typically considered grade-level material creates important opportunities. In a study of an adaptive set of early math games, the games were found
to be less beneficial for children with low knowledge at the beginning of the study (Betts et al., 2020).
Another study of an intervention with a set of digital games showed a negligible effect on math scores,
with authors hypothesizing that the lack of access to below grade content was one explanation for the
poor results (Rutherford et al., 2014). Thus, generating games that are adaptive and provide access to
experiences at all levels of children’s mathematical thinking can create opportunities for all children
to learn math. Finally, sequences can be of many types, such as simple sequences of paired associates,
Bloom’s taxonomy, rational analyses, and others. We have argued for the superiority of developmental
progressions of learning trajectories (Clements & Sarama, 2014).

CONCLUSION
Innovative efforts toward high-quality technology-based resources for early math should be grounded in
three elements – the big ideas of math are central and coherent, children’s ways of thinking and learning are clearly part of learning designs, and both the discipline of math and children’s individuality is
honored. The learning trajectories approach supports all three of these elements by articulating goals,
developmental progressions, and instructional activities. We have presented evidence of the efficacy of
this approach and described the extensive research and development efforts that were fundamental to the
success of these technologies. We advocate for systematic research and development processes, such as
the phases of the CRF, to ameliorate risks to high-quality technology for early math. Further, we argue
that this generation of learners deserves technology-based resources that disrupt inequitable opportunities, welcome and include diverse groups, and accommodate the needs of people with different abilities.
These efforts are one part of our third solution to address risks to high-quality math - broadening access
to technology to increase the impact of high-quality math technology. This third solution capitalizes
on the opportunities of technology to intelligently adapt to the needs of children and the adults in their
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lives. Innovations for the next set of high-quality math technologies will build adaptable systems that
support accessibility to wide audiences by providing adaptable paths, removing barriers through digital
assessment and prioritizing math instruction through both personal relationships and digital games.
Across these efforts, we recommend a learning trajectories approach, such as that exemplified in the
[LT]2 tool, that continuously challenges children and provides meaningful experiences in both personal
and digital contexts.

ACKNOWLEDGMENT
This research and development was supported by grants from the Heising-Simons Foundation [grant numbers 2015-156, 2013-79; 015-157]; the Bill & Melinda Gates Foundation [grant number OPP1118932];
the National Science Foundation [grant numbers ESI-9730804; REC-0228440]; the Institute of Education Sciences [grant number R305K050157], and most recently, the National Science Foundation [grant
number 1908889] and the Office of Special Education Programs (Federal Award No: H327G180006).
The opinions expressed are those of the authors and do not represent views of the funding organizations.

REFERENCES
Age of Learning. (2021). ABCmouse.com (8.19.0) [Mobile application software]. https://apps.apple.
com/us/app/abcmouse-com/id586328581
Alligator Apps. (2017). Preschool Math App - First Numbers and Counting Games for Toddlers and
Pre-K Kids [Mobile application software]. In App Store. https://apps.apple.com/us/app/preschool-mathapp-first-numbers-counting-games-for/id1143554619
American Educational Research Association. (2014). Standards for educational and psychological testing. American Educational Research Association.
Anthony, J., Hecht, S. A., Williams, J., Clements, D. H., & Sarama, J. (2011). Efficacy of computerized
Earobics and Building Blocks instruction for kindergarteners from low SES, minority and ELL backgrounds: Year 2 results. Paper presented at the Institute of Educational Sciences Research Conference,
Washington, DC.
Bachman, H. J., Votruba-Drzal, E., El Nokali, N. E., & Castle Heatly, M. (2015). Opportunities for learning math in elementary school: Implications for SES disparities in procedural and conceptual math skills.
American Educational Research Journal, 52(5), 894–923. https://doi.org/10.3102/0002831215594877
Bang, H. J., Li, L., & Flynn, K. (2021, April). Evaluation of a personalized game-based program designed to improve early elementary school students’ math performance. Paper presented at the AERA
Annual Conference.
Barrett, J. E., Clements, D. H., & Sarama, J. (2017). Children’s measurement: A longitudinal study of
children’s knowledge and learning of length, area, and volume. Journal for Research in Mathematics
Education Monograph Series, 16.

365


High-Quality Early Math

Betts, A., Thai, K. P., Jacobs, D., & Li, L. (2020). Math readiness: Early identification of preschool
children least ready to benefit from formal math instruction in school. The IAFOR International Conference on Education – Hawaii 2020 Official Conference Proceedings.
Bojorquea, G., Torbeyns, J., Van Hoof, J., Van Nijlen, D., & Verschaffel, L. (2018). Effectiveness of
the Building Blocks program for enhancing Ecuadorian kindergartners’ numerical competencies. Early
Childhood Research Quarterly, 44(3), 231–241. https://doi.org/10.1016/j.ecresq.2017.12.009
4Brains Studio. (2016). Math addition and subtraction numbers for kids (1.14) [Mobile application
software]. In App Store. https://apps.apple.com/us/app/math-addition-and-subtraction-numbers-for-kids/
id1062925445
Brinkley, V. M., & Watson, J. A. (1987-88). Effects of microworld training experience on sorting tasks
by young children. Journal of Educational Technology Systems, 16, 349–364.
Can, D. (2020). Supporting learning trajectories for the development of number concept: Digital games.
Kuramsal Eğitimbilim Dergisiz, 13(4), 663-684. doi:10.30831/akukeg.692165
Carpenter, T. P., Fennema, E. H., Franke, M. L., Levi, L., & Empson, S. B. (2014). Children’s mathematics: Cognitively guided instruction (2nd ed.). Heinemann.
Claessens, A., Duncan, G. J., & Engel, M. (2007). Kindergarten skills and fifth grade achievement:
Evidence from the ECLS-K [ not online]. Northwestern University.
Clarke, B. A., Clarke, D. M., & Cheeseman, J. (2006). The mathematical knowledge and understanding
young children bring to school. Mathematics Education Research Journal, 18(1), 81–107.
Clements, D. H. (2002). Linking research and curriculum development. In L. D. English (Ed.), Handbook
of International Research in Mathematics Education (pp. 599–636). Erlbaum.
Clements, D. H. (2007). Curriculum research: Toward a framework for ‘research-based curricula. Journal
for Research in Mathematics Education, 38(1), 35–70. https://doi.org/10.2307/30034927
Clements, D. H., & Sarama, J. (1998). Building Blocks—Foundations for Mathematical Thinking, PreKindergarten to Grade 2: Research-based Materials Development. State University of New York at
Buffalo. www.gse.buffalo.edu/org/buildingblocks/
Clements, D. H., & Sarama, J. (2003). Strip mining for gold: Research and policy in educational technology—A response to “Fool’s Gold”. Educational Technology Review, 11(1), 7–69. www.editlib.org/
index.cfm?fuseaction=Reader.ViewAbstract&paper_id=17793
Clements, D. H., & Sarama, J. (2004). Learning trajectories in mathematics education. Mathematical
Thinking and Learning, 6, 81–89. https://doi.org/10.1207/s15327833mtl0602_1
Clements, D. H., & Sarama, J. (2008). Experimental evaluation of the effects of a research-based preschool mathematics curriculum. American Educational Research Journal, 45(2), 443–494. https://doi.
org/10.3102/0002831207312908

366


High-Quality Early Math

Clements, D. H., & Sarama, J. (2014). Learning trajectories: Foundations for effective, research-based
education. In A. P. Maloney, J. Confrey, & K. H. Nguyen (Eds.), Learning over time: Learning trajectories in mathematics education (pp. 1–30). Information Age Publishing.
Clements, D. H., & Sarama, J. (2020). Learning and teaching with learning trajectories ([LT]2). Marsico
Institute, Morgridge College of Education, University of Denver. www.learningtrajectories.org
Clements, D. H., & Sarama, J. (2021). Learning and teaching early math: The learning trajectories
approach (3rd ed.). Routledge. https://www.routledge.com/Learning-and-Teaching-Early-Math-TheLearning-Trajectories-Approach/Clements-Sarama/p/book/9780367521974
Clements, D. H., Sarama, J., Baroody, A. J., Joswick, C., & Wolfe, C. B. (2019). Evaluating the efficacy
of a learning trajectory for early shape composition. American Educational Research Journal, 56(6),
2509–2530. https://doi.org/10.3102/0002831219842788
Clements, D. H., Sarama, J., & DiBiase, A.-M. (2004). Engaging young children in mathematics: Standards for early childhood mathematics education. Erlbaum.
Clements, D. H., Sarama, J., Layzer, C., Unlu, F., Wolfe, C. B., Fesler, L., Weiss, D., & Spitler, M. E.
(2021). Effects of TRIAD on mathematics achievement: Long-term impacts. Submitted for publication.
Clements, D. H., Sarama, J., Spitler, M. E., Lange, A. A., & Wolfe, C. B. (2011). Mathematics learned
by young children in an intervention based on learning trajectories: A large-scale cluster randomized
trial. Journal for Research in Mathematics Education, 42(2), 127–166. https://doi.org/10.5951/jresematheduc.42.2.0127
Clements, D. H., Sarama, J., Wolfe, C. B., & Spitler, M. E. (2013). Longitudinal evaluation of a scale-up
model for teaching mathematics with trajectories and technologies: Persistence of effects in the third year.
American Educational Research Journal, 50(4), 812–850. https://doi.org/10.3102/0002831212469270
Clements, D. H., Sarama, J., Wolfe, C. B., & Spitler, M. E. (2015). Sustainability of a scale-up intervention in early mathematics: Longitudinal evaluation of implementation fidelity. Early Education and
Development, 26(3), 427–449. https://doi.org/10.1080/10409289.2015.968242
Clements, D. H., Wilson, D. C., & Sarama, J. (2004). Young children’s composition of geometric figures: A learning trajectory. Mathematical Thinking and Learning, 6, 163–184. https://doi.org/10.1207/
s15327833mtl0602_1
Currie, J., & Thomas, D. (1995). Does Head Start Make a difference? The American Economic Review,
85(3), 341–364.
Doig, B., McCrae, B., & Rowe, K. (2003). A good start to numeracy: Effective numeracy strategies from
research and practice in early childhood. Australian Council for Educational Research. www.dest.gov.
au/NR/rdonlyres/D2B70D11-FBE8-45CA-8D27-30408C8BF7DF/3986/GoodStart.pdf
Dweck, C. S. (2017). The Journey to Children’s Mindsets—And Beyond. Child Development Perspectives, 11(2), 139–144. https://doi.org/10.1111/cdep.12225
Elamin, L. T. D. (2021). Learning Games 4 Kids Toddlers (3.4.0) [Mobile application software]. In App
Store. https://apps.apple.com/us/app/learning-games-4-kids-toddlers/id1004562049

367


High-Quality Early Math

Engel, M., Claessens, A., & Finch, M. A. (2013). Teaching students what they already know? The (mis)
alignment between mathematics instructional content and student knowledge in kindergarten. Educational
Evaluation and Policy Analysis, 35(2), 157–178. https://doi.org/10.3102/0162373712461850
Farran, D. C., Lipsey, M. W., Watson, B., & Hurley, S. (2007, April). Balance of content emphasis and
child content engagement in an Early Reading First program. Paper presented at the American Educational Research Association, Chicago, IL.
Foster, M. E., Anthony, J. L., Clements, D. H., Sarama, J., & Williams, J. J. (2018). Hispanic dual language learning kindergarten students’ response to a numeracy intervention: A randomized control trial.
Early Childhood Research Quarterly, 43, 83–95. https://doi.org/10.1016/j.ecresq.2018.01.009
Frye, D., Baroody, A. J., Burchinal, M. R., Carver, S., Jordan, N. C., & McDowell, J. (2013). Teaching math to young children: A practice guide. National Center for Education Evaluation and Regional
Assistance (NCEE), Institute of Education Sciences, U.S. Department of Education. https://ies.ed.gov/
ncee/wwc/PracticeGuide/18
Fuson, K. C. (1988). Children’s counting and concepts of number. Springer-Verlag. doi:10.1007/9781-4612-3754-9
Fuson, K. C. (2004). Pre-K to grade 2 goals and standards: Achieving 21st century mastery for all. In D.
H. Clements, J. Sarama, & A.-M. DiBiase (Eds.), Engaging young children in mathematics: Standards
for early childhood mathematics education (pp. 105–148). Erlbaum.
Ginsburg, H. P. (1997). Not a cookbook: Guidelines for conducting a clinical interview. In Entering the
child’s mind: The clinical interview in psychological research and practice (pp. 115–137). Cambridge
University Press.
Ginsburg, H. P., Wu, R. E., & Diamond, J. S. (2019). MathemAntics: A model for computer-based
mathematics education for young children / MathemAntics: un modelo de enseñanza de matemáticas
asistida por ordenador para niños. Journal for the Study of Education and Development, 42(2), 247–302.
https://doi.org/10.1080/02103702.2019.1589966
Gravemeijer, K. P. E. (1999). How emergent models may foster the constitution of formal mathematics.
Mathematical Thinking and Learning, 1, 155–177.
Griffin, S. (2009). Learning sequences in the acquisition of mathematical knowledge: Using cognitive
developmental theory to inform curriculum design for pre-K–6 mathematics education. Mind, Brain and
Education: the Official Journal of the International Mind, Brain, and Education Society, 3(2), 96–107.
Halpern, R. (2004). Parent support and education: Past history, future prospects. Applied Research in
Child Development, 6(1), 4–11.
Henson, R. A., Templin, J. L., & Willse, J. T. (2009). Defining a family of cognitive diagnosis models
using log-linear models with latent variables. Psychometrika, 74(2), 191–210. http://dx.doi.org.du.idm.
oclc.org/10.1007/s11336-008-9089-5

368


High-Quality Early Math

Horne, M. (2005). The effects of number knowledge at school entry on subsequent number development:
A five year longitudinal study. In P. Clarkson, A. Downtown, D. Gronn, M. Horne, A. McDonough, R.
Pierce, & A. Roche (Eds.), Building connections: Research, theory and practice (Proceedings of the 28th
annual conference of the Mathematics Education Research Group of Australasia) (pp. 443–450). MERGA.
Hungate, H. (1982, January). Computers in the kindergarten. The Computing Teacher, 9, 15–18.
Ishigaki, E. H., Chiba, T., & Matsuda, S. (1996). Young children’s communication and self expression
in the technological era. Early Child Development and Care, 119, 101–117.
Jenkins, J. M., Watts, T. W., Magnuson, K. A., Gershoof, E., Clements, D. H., Sarama, J., & Duncan, G.
J. (2018). Do high quality kindergarten and first grade classrooms mitigate preschool fadeout? Journal of
Research on Educational Effectiveness, 11(3), 339–374. https://doi.org/10.1080/19345747.2018.1441347
Khan Academy. (2022). Khan Academy Kids (4.0.1) [Mobile application software]. App Store. https://
apps.apple.com/us/app/khan-academy-kids/id1378467217
Kids Academy. (2020a). Kindergarten Math & Reading (3.8.0) [Mobile application software]. In App
Store. https://apps.apple.com/us/app/kindergarten-math-reading/id603393402
Kids Academy. (2020b). Toddler Games:learning puzzles (2.2.9) [Mobile application software]. In App
Store. https://apps.apple.com/us/app/toddler-games-learning-puzzles/id639384857
Krajewski, K. (2005, April). Prediction of mathematical (dis-)abilities in primary school: A 4-year German longitudinal study from Kindergarten to grade 4 Biennial Meeting of the Society for Research in
Child Development, Atlanta, GA.
Kuhfeld, M., Soland, J., Tarasawa, B., Johnson, A., Ruzek, E., & Liu, J. (2020). Projecting the potential
impact of COVID-19 school closures on academic achievement. Educational Researcher, 49(8), 549–565.
https://doi.org/10.3102/0013189x20965918
Mamedova, S., & Pawlowski, E. (2020). Data Point: Adult Numeracy in the United States [Report No.
NCES 2020-025]. National Center for Education Statistics at IES (Institute of Education Sciences).
MIND Research Institute. (2021). ST Math. https://www.stmath.com/play
National Mathematics Advisory Panel. (2008). Foundations for success: The final report of the National
Mathematics Advisory Panel. U.S. Department of Education, Office of Planning, Evaluation and Policy
Development. https://www2.ed.gov/about/bdscomm/list/mathpanel/report/final-report.pdf
NCTM. (2000). Principles and standards for school mathematics. National Council of Teachers of
Mathematics. www.nctm.org/standards2000/
NCTM. (2006). Curriculum focal points for prekindergarten through grade 8 mathematics: A quest for
coherence. National Council of Teachers of Mathematics.
NGA/CCSSO. (2010). Common core state standards. National Governors Association Center for Best
Practices, Council of Chief State School Officers. http://corestandards.org/
Nielsen, J. (2012). Thinking Aloud: The #1 Usability Tool. https://www.nngroup.com/articles/thinkingaloud-the-1-usability-tool/

369


High-Quality Early Math

Paper Boat Apps. (2021). Kiddopia - ABC Toddler Games, MathWhiz (4.1.4) [Mobile application software]. https://apps.apple.com/us/app/kiddopia-abc-toddler-games/id1223397201
Perry, B., Dockett, S., Harley, E., & Hentschke, N. (2008). Linking powerful mathematical ideas and
developmental learning outcomes in early childhood mathematics. In P. Grootenboer, R. Zevenbergen,
& M. Chinnappan (Eds.), Identities, cultures and learning spaces (pp. 408–415). Mathematics Education Research Group of Australasia.
Plato Media Ltd. (2021). Hopster: Pre school Learning (3.55.28) [Mobile application software]. In App
Store. https://apps.apple.com/us/app/hopster-pre-school-learning/id689165391
Ramey, C. T., & Ramey, S. L. (1998). Early intervention and early experience. The American Psychologist, 53, 109–120.
RosiMosi LLC. (2012). Preschool & Kindergarten Games (7.0) [Mobile application software]. In App
Store. https://apps.apple.com/us/app/preschool-kindergarten-games/id509771809
Rouse, C., Brooks-Gunn, J., & McLanahan, S. (2005). Introducing the issue. The Future of Children,
15(1), 5–14. www.futureofchildren.org/pubs-info2825/pubs-info.htm?doc_id=255946
Rutherford, T., Farkas, G., Duncan, G. J., Burchinal, M. R., Kibrick, M., Graham, J., Richland, L., Tran,
N., Schneider, S., Duran, L., & Martinez, M. E. (2014). A randomized trial of an elementary school
mathematics software intervention: Spatial-temporal math. Journal of Research on Educational Effectiveness, 7, 358–383. https://doi.org/10.1080/19345747.2013.856978
Ryan, K., Gannon-Slater, N., & Culbertson, M. J. (2012). Improving survey methods with cognitive interviews in small- and medium-scale evaluations. The American Journal of Evaluation, 33(3), 414–430.
https://doi.org/10.1177/1098214012441499
Sarama, J. (2002). Listening to teachers: Planning for professional development. Teaching Children
Mathematics, 9(1), 36–39.
Sarama, J. (2004). Technology in early childhood mathematics: Building Blocks™ as an innovative
technology-based curriculum. In D. H. Clements, J. Sarama, & A.-M. DiBiase (Eds.), Engaging young
children in mathematics: Standards for early childhood mathematics education (pp. 361–375). Erlbaum.
Sarama, J., & Clements, D. H. (2002). Building Blocks for young children’s mathematical development.
Journal of Educational Computing Research, 27(1&2), 93–110. https://doi.org/10.2190/F85E-QQXBUAX4-BMBJ
Sarama, J., & Clements, D. H. (2004). Building Blocks for early childhood mathematics. Early Childhood Research Quarterly, 19, 181–189. https://authors.elsevier.com/sd/article/S0885200604000158
Sarama, J., & Clements, D. H. (2009a). Early childhood mathematics education research: Learning
trajectories for young children. Routledge. doi:10.4324/9780203883785
Sarama, J., & Clements, D. H. (2009b, April). Scaling up successful interventions: Multidisciplinary
perspectives. American Educational Research Association, San Diego, CA.

370


High-Quality Early Math

Sarama, J., & Clements, D. H. (2019). Learning trajectories in early mathematics education. In D. Siemon,
T. Barkatsas, & R. Seah (Eds.), Researching and using progressions (trajectories) in mathematics education (pp. 32–55). Brill/Sense. doi:10.1163/9789004396449_002
Sarama, J., Clements, D. H., Barrett, J. E., Cullen, C. J., & Hudyma, A. (2021). Length measurement in
the early years: Teaching and learning with learning trajectories. Mathematical Thinking and Learning.
doi:10.1080/10986065.2020.1858245
Sarama, J., Clements, D. H., & Vukelic, E. B. (1996). The role of a computer manipulative in fostering specific psychological/mathematical processes. In E. Jakubowski, D. Watkins, & H. Biske (Eds.),
Proceedings of the 18th annual meeting of the North America Chapter of the International Group for
the Psychology of Mathematics Education (Vol. 2, pp. 567–572). ERIC Clearinghouse for Science,
Mathematics, and Environmental Education.
Sarama, J., Clements, D. H., Wolfe, C. B., & Spitler, M. E. (2016). Professional development in early
mathematics: Effects of an intervention based on learning trajectories on teachers’ practices. Nordic
Studies in Mathematics Education, 21(4), 29–55.
Seo, K.-H., & Ginsburg, H. P. (2004). What is developmentally appropriate in early childhood mathematics education? In D. H. Clements, J. Sarama, & A.-M. DiBiase (Eds.), Engaging young children in
mathematics: Standards for early childhood mathematics education (pp. 91–104). Erlbaum.
Steffe, L. P., & Cobb, P. (1988). Construction of arithmetical meanings and strategies. Springer-Verlag.
Steffe, L. P., Thompson, P. W., & Glasersfeld, E. v. (2000). Teaching experiment methodology: Underlying principles and essential elements. In A. E. Kelly & R. A. Lesh (Eds.), Handbook of research design
in mathematics and science education (pp. 267–306). Erlbaum.
Stephan, M., Cobb, P., Gravemeijer, K. P. E., & Estes, B. (2001). The role of tools in supporting students’ development of measuring conceptions. In A. Cuoco (Ed.), The roles of representation in school
mathematics (pp. 63–76). National Council of Teachers of Mathematics.
StudyPad. (2019). Kindergarten Learning Games 3+ [Mobile application software]. In App Store. https://
apps.apple.com/us/app/kindergarten-learning-games-3/id610303073
Thomson, S., Rowe, K., Underwood, C., & Peck, R. (2005). Numeracy in the early years: Project Good
Start. Australian Council for Educational Research. www.acer.edu.au/documents/GOODSTART_FinalReport.pdf
Tiltan Games. (2013). Fun kindergarten toddler games (3.2.9) [Mobile application software]. In App
Store. https://apps.apple.com/us/app/fun-kindergarten-toddler-games/id565100820
ToyaTap Ltd. (2016). 123 Toddler games for 2+ years (1.19.1) [Mobile application software]. https://
apps.apple.com/us/app/123-toddler-games-for-2-years/id1176157709
Veraksa, A. N., Aslanova, M. S., Bukhalenkova, D. A., Veraksa, N. E., & Liutsko, L. (2020). Assessing
the effectiveness of differentiated instructional approaches for teaching math to preschoolers with different levels of executive functions. Education in Science, 10(7). https://doi.org/10.3390/educsci10070181

371


High-Quality Early Math

Vygotsky, L. S. (1935/1978). Mind in society: The development of higher psychological processes.
Harvard University Press.
Weiland, C., & Yoshikawa, H. (2012, April 11). Impacts of BPS K1 on children’s early numeracy,
language, literacy, executive functioning, and emotional development. Paper presented at the School
Committe, Boston Public Schools, Boston, MA.
Wright, R. J. (1994). A study of the numerical development of 5-year-olds and 6-year-olds. Educational
Studies in Mathematics, 26, 25–44.
Wright, R. J., Stanger, G., Stafford, A. K., & Martland, J. (2006). Teaching number in the classroom
with 4-8 year olds. Sage (Atlanta, Ga.).
Young-Loveridge, J. M. (1989). The number language used by preschool children and their mothers in
the context of cooking. Australian Journal of Early Childhood, 21, 16–20.
Zhai, F., Raver, C. C., & Jones, S. M. (2012). Academic performance of subsequent schools and impacts
of early interventions: Evidence from a randomized controlled trial in Head Start settings. Children and
Youth Services Review, 34(5), 946–954.

ADDITIONAL READING
Bird, J., & Edwards, S. (2015). Children learning to use technologies through play: A Digital Play
Framework. British Journal of Educational Technology, 46(6), 1149–1160. doi:10.1111/bjet.12191
Clements, D. H., & Sarama, J. (2021). Learning and teaching early math: The learning trajectories
approach (3rd ed.). Routledge. https://www.routledge.com/Learning-and-Teaching-Early-Math-TheLearning-Trajectories-Approach/Clements-Sarama/p/book/9780367521974
Hirsh-Pasek, K., Zosh, J. M., Golinkoff, R. M., Gray, J. H., Robb, M. B., & Kaufman, J. (2015). Putting
Education in “Educational” Apps: Lessons From the Science of Learning. Psychological Science in the
Public Interest, 16(1), 3–34. doi:10.1177/1529100615569721 PMID:25985468
Hoareau, L., Tazouti, Y., Dinet, J., Thomas, A., Luxembourger, C., Hubert, B., Fischer, J.-P., & Jarlégan,
A. (2020). Co-Designing a New Educational Tablet App for Preschoolers. Computers in the Schools,
37(4), 234–252. doi:10.1080/07380569.2020.1830253
Iruka, I., Curenton, S., & Durden, T. (2020). Don’t Look Away: Embracing Anti-bias Classrooms. Gryphon House.
NAEYC. (2021). Developmentally Appropriate Practice in Early Childhood Programs Serving Children
from Birth Through Age 8 (S. Friedman, B. L. Wright, & M. L. Masterson, Eds.; 4th ed.). The National
Association for the Education of Young Children.
Osterweil, S., & Klopfer, E. (2011). Are Games All Child’s Play? Continuum. http://hdl.handle.
net/1721.1/109603

372


High-Quality Early Math

Rutherford, T., Farkas, G., Duncan, G., Burchinal, M., Kibrick, M., Graham, J., Richland, L., Tran,
N., Schneider, S., Duran, L., & Martinez, M. E. (2014). A Randomized Trial of an Elementary School
Mathematics Software Intervention: Spatial-Temporal Math. Journal of Research on Educational Effectiveness, 7(4), 358–383. doi:10.1080/19345747.2013.856978

KEY TERMS AND DEFINITIONS
Access: Applied universally, access is an outcome in which race, ethnicity, language, gender, ability,
socioeconomic status, or other personal characteristics do not limit the opportunity to resources such
as learning resources.
Accessibility: Applied to people with disabilities, accessibility allows people to participate with activities and content, including being able to perceive, understand, navigate, and interact with technology.
Building Blocks: An evidence-based curriculum that utilized the learning trajectories approach.
Curriculum Research Framework: A method for developing curriculum based on ten phases across
categories of a priori foundations, a learning model, formative evaluation, and summative evaluation.
Developmental Progression: Paths of learning and ways of thinking through which children typically develop.
Equity: The condition of fairness and justice based on everyone getting what they need, often contrasted with equality, a condition in which everyone gets the same thing regardless of need.
Inclusion: An outcome of intentional efforts to make participation inviting to diverse populations in
which such populations feel welcome and comfortable.
Learning Trajectories: An approach to teaching and learning involving the integration of a learning
goal, a developmental progression, and aligned instruction.
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